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Lattice QCD results on the spectroscopy of charmonium(like) states
and open charm mesons are reviewed. Near-threshold states X(3872)
and D∗s0(2317) were treated rigorously for the first time and the searches
for Z+c (3900), X(4140) and ccud were carried out. The first simulations
of the resonances with charm quarks have been performed, including the
determination of their strong decay widths. Spectroscopy of highly excited
charmed, charmonium and hybrid states has been calculated.
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1 Introduction and motivation
The masses of states well below the open charm threshold, which starts at mD +mpi
forD mesons and at 2mD for charmonium, have been reliably and precisely calculated
on the lattice for several years. With exception of [1], the states near threshold or
above threshold have been treated using the so-called “single-meson” approach until
2012, which essentially means that effect of the threshold and strong decays of these
states were ignored. The impressive spectrum of high lying quark-antiquark and
hybrid multiplets was calculated during the past two years using this less-complete
treatment. In addition, the first exploratory lattice simulations of the near-threshold
states and resonances based on the rigorous treatment were done during the last year.
These are the main focus of this talk.
Proper treatment of near-threshold states in lattice QCD is particularly important
since most exotic experimental candidates lie near open-charm thresholds. Examples
include X(3872) within 1 MeV of D0D0∗ threshold. The structure called Z+c (3900)
was discovered in J/ψπ+ invariant mass in 2013 by BESII [2] and confirmed by
Belle and CLEOc [3, 4]. It has quark flavor structure ccdu and also lies close to
DD∗ threshold. Other charged charmonium-like states Z+(4430) and more recent
Z+c (4020) [5], Z
+
c (4025) [6] have been observed only in one experiment. They also
have flavor ccdu and lie near D∗D1 and D
∗D∗ thresholds. The only lattice study
aimed at Zc(3900) will be reviewed, while Z
+(4430) was addressed only in [7].
Masses are extracted from the energy levels En, and these are obtained from the
correlation functions Cij(t) = 〈Oi(t)Oj(0)〉 =
∑
n〈Oi|n〉〈Oj|n〉∗e−Ent evaluated on the
lattice, where interpolating fields O create and destroy the physical state with given
quantum number JPC . The simulations of charmonium(like) states discussed below
neglect the charm annihilation Wick contractions in view of OZI suppression. For
hadrons with charm quarks it is common to compare m −mreference between lattice
and experiment, where the leading discretization errors related to mc cancel.
2 States well below open charm thresholds
The recipe for extracting a mass of a state well below the strong decay threshold is
straightforward. The mass m=
√
E2 − P 2 in a simulation with P =0 is equal to the
energy level E. The resulting mass is extrapolated to a→ 0 and L→∞, while the
quark masses are extrapolated or interpolated to the physical value. Particular care
needs to be taken about the discretization errors related to the c quarks and it has
been verified that independent methods lead to compatible results in the a→0 limit.
The precise masses for low-lying states were obtained recently after extrapolations
by HPQCD [11, 12], Briceno et al. [13], FNAL/MILC [14] and χQCD [15], while
related studies are in [16, 17, 18, 19]. The resulting masses or mass splittings are
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Figure 1: The D (above) and Ds (below) spectra and interpretation from HSC at
mpi≃400 MeV [8] (plot from G. Moir).
typically within 10 MeV from the experimental value.
3 “Single-meson” treatment of excited states
The “single-meson” treatment of states near or above threshold refers to (i) using only
quark-antiquark interpolating fields O ∼ qq for mesons, (ii) assuming that all energy
levels correspond to “one-particle” states and (iii) that the mass of the state equals
the measured energy level m=E. These are strong assumptions for the resonances,
which are not asymptotic states. The approach also ignores the effect of the threshold
on near-threshold states.
The most extensive D, Ds [8] and cc [9] spectrum, shown in Figs. 1 and 2, was
extracted by the Hadron Spectrum Collaboration (HSC) on Nf = 2+1 anisotropic
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Figure 2: The cc spectrum and interpretation from the HSC at mpi ≈ 400 MeV [9]
(plot from talk of C. Thomas at this meeting).
configurations with mpi ≃ 400 MeV and two different L ≃ 2.9 fm, 1.9 fm. The
continuum JPC was reliably identified using advanced spin-identification method.
An impressive number of excited states was extracted in each channel with a good
accuracy. States are identified with members of qq multiplets 1S, 2S, 3S, 1P , 2P , 1D
and 1F based on overlaps 〈Oi|n〉, where interpolators are chosen to resemble multiplet
members. There are several remaining states, which are not part of qq multiplets and
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Figure 3: The D and cc spectrum extracted in [10] at mpi≃266 MeV.
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these states show particularly strong overlap with interpolators O ≃ qFµνq containing
the gluon field strength tensor. These states are identified as hybrids and also turn
out to form several full multiplets. Some of the identified charmonium hybrids have
manifestly exotic JPC, while the others have conventional values. The open-charm
meson hybrids have non-exotic JP .
The D meson spectrum in Fig. 3 from a simulation withmpi ≃ 266 MeV [10] shows
reasonable agreement with 2010 Babar [20] and 2013 LHCb [21] excited states, which
are shown side by side. The blue crosses result from the “single-meson” treatment,
while the red diamonds are resonances masses from the rigorous treatment. The
splitting between 1S and 2S multiplets of the order ≃ 650 MeV is in agreement
experiments. The new cc state 2−− [22] agrees with the prediction in Fig. 3.
Other recent related results can be found in [23, 24, 25, 19].
4 Rigorous treatment of resonances
D∗
0
(2400) and D1(2430): Let me illustrate the basics of the rigorous treatment for
the example of D∗0(2400) scalar resonance, which appears in Dπ scattering in s-wave.
All states with given quantum number JP =0+ in principle appear as energy levels:
• Important examples are two-particle states D(p)π(−p), where periodic bound-
ary conditions require p=n2pi
L
in absence of the interaction. The corresponding
energy E=
√
m21 + p
2+
√
m22 + p
2 of non-interacting two-particle states will be
marked by horizontal lines in the figures. The meson-meson interpolating fields
need to be incorporated to make sure these levels are seen in practice.
• The levels that appear in addition to the expected two-particle states are related
to the bound states or resonances.
The first and the third levels in Fig. 4 correspond to the interacting Dπ two-particle
states, while the second level is related to D∗0(2400) resonance. Each energy level E
renders an elastic phase shift δ(E) at that energy via the rigorous Lu¨scher relation
[10]. The three energy levels give the three phase shift points around the D∗0(2400)
resonance region. The Breit-Wigner type fit through these three points leads to the
resonance mass in Fig. 3 very close the the experiment, and the resonance width
reasonably close as well [10]. The mass and width of the broad D1(2430) resonance
in D∗π scattering is also close to experiment (see Fig. 3), but the analysis in this
channel relies on few assumptions due to two nearby D1(2430) and D1(2420) [10].
χ′
c0
: An indication for a charmonium JPC =0++ resonance with mχ′
c0
= 3932 ±
25 MeV and Γ(χ′c0 → DD) = 36 ± 17 MeV and additional enhancement of σ(DD)
near threshold in a simulation [27] prompts experiments to look for such structures
in DD invariant mass (see [28, 29] for similar suggestions).
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Figure 4: Left: the energy levels andDπ phase shifts inD∗0(2400) channel with I=1/2
and JP =0+ [10]. Right: the levels in D∗s0(2317) channel with I=0 and J
P =0+ [26].
5 Rigorous treatment of near-threshold states
Ds0(2317): Fig. 4 shows lowest three energy levels from the first simulation of
D∗s0(2317) that takes into account the effect of the DK threshold by explicitly incor-
porating DK interpolating fields [26]. The position of the DK threshold is almost
physical in this Nf = 2 + 1 simulation with nearly physical mpi ≃ 156 MeV. The
second and third levels are related to the interacting DK states, while the first level
is related to D∗s0(2317) and it is below threshold as in experiment. The lowest two
levels lead to the scattering length a0=−1.33 ± 0.20 fm and small effective range r0
for DK scattering in s-wave. The negative a0 is an indication for a the presence of
D∗s0(2317) below threshold [32]. The effective range expansion leads to the position
of the pole at L→∞, rendering mD∗
s0
− 1
4
(mDs +3mD∗s ) = 266± 16 MeV close to the
experimental value 241.5± 0.8 MeV.
The “single-meson” treatment using just sc interpolators gives only one level in
Fig. 4 (orange triangles) with a misleading energy and one can not reliably establish
whether this level corresponds to D∗s0(2317) or D(0)K(0).
X(3872): A candidate for the charmonium(like) state X(3872) is found 11 ±
7 MeV below the DD
∗
threshold for JPC = 1++, I = 0, Nf = 2 and mpi ≃ 266 MeV
[30]. This is the first lattice simulation that establishes a candidate for X(3872)
(violet stars in Fig. 5) in addition to χc1 (squares) and the nearby scattering states
DD
∗
(circles and diamonds) and J/ψ ω (triangles). The established X(3872) has a
large overlap with cc as well as DD
∗
interpolating fields [30]. The large and negative
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Figure 5: Left: the energy levels in X(3872) channel with I=0 and JPC=1++ [30].
Right: the levels in Zc(3900) channel with I=1 and J
PC=1+− [31].
a0 = −1.7 ± 0.4 fm for DD∗ scattering is an indication for a shallow bound state
X(3872) [32].
The “single-meson” treatment using just cc interpolators renders only one level in
Fig. 5 (orange triangles) near DD∗ threshold just like in previous simulations. One
can not reliably establish whether this level is related to X(3872) or D(0)D
∗
(0).
In the I=1 channel, only the DD
∗
and J/ψ ρ scattering states are found, and no
candidate for X(3872) [30]. This is in agreement with a popular interpretation that
X(3872) is dominantly I =0, while its small I =1 component arises solely from the
isospin breaking and is therefore absent in the simulation with mu=md.
6 Search for exotic states
Zc(3900): Three experiments recently reported a discovery of a manifestly exotic
Z+c (3900) in the decay to J/ψ π
+ [31]. It has C = −, while J and P are experimentally
unknown. The first search for this interesting state on the lattice focused on a channel
with JPC=1+− and I=1. Fig. 5 indicates that only the expected two-particle states
DD
∗
and J/ψ π are found. No additional level was found that could be related to
Z+c (3900). The possible reasons for not finding Z
+
c may be that its J
PC are not 1+−
or that the employed interpolating fields are not diverse enough. Simulation with
additional types of interpolators will be needed to reach a more definite conclusion.
X(4140): A structure called X(4140) was found in J/ψ φ invariant mass by CDF
6
[33] and more recently by CMS and D0 [34, 35]. The s-wave and p-wave J/ψ φ scat-
tering phase shift in Fig. 6 was extracted in [36] ignoring ss annihilation contribution,
and no resonant structure was found.
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Figure 6: The phase shift for s-wave and p-wave scattering of J/ψ φ from [36].
ccdu tetraquark: The potential V (r) between D= uc and D∗ = dc at distance
r was extracted using the HALQCD time-dependent method [37]. The resulting
potential in Fig. 7 is attractive, but the corresponding DD∗ scattering phase shift
does not start at δ(0) = π, which indicates that there is no ccdu tetraquark bound
state at the simulated mpi.
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Figure 7: The DD∗ potential and phase shift in double-charm channel [38].
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7 Related topics
Interactions of charmed mesons with light pseudoscalars: The scattering length
was extracted in five non-resonant channels for four different mpi in a simulation [39].
The simultaneous fit to these channels renders the low-energy constants of the SU(3)
Unitarized ChPT. These give indirect prediction for the resonant DK scattering with
I = 0 and J+ = 0+, where the pole is found at mD∗
s0
= 2315+18
−28
MeV close to the
experimental Ds0(2317) [39].
Charmonium potential at finite temperature: The VC(r) part of the poten-
tial V (r) = VC(r)+~s1 ·~s2 VS(r) between c and c at distance r was extracted using the
HALQCD time-dependent method at non-zero temperatures in Nf =2+1 simulation
[40]. The resulting potential in Fig. 8 is temperature dependent and becomes flatter
at large r as the temperature increases.
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Figure 8: The spin-independent part of the cc potential in Nf=2+1 simulation [40].
8 Conclusions
The states well below open charm decay threshold are reliably and precisely deter-
mined from lattice QCD. During the past two years, the impressive spectrum of D,
Ds and cc quark-antiquark and hybrid multiplets was calculated within the simplified
single-meson approach. Several near-threshold states and resonances were treated rig-
orously for the first time: candidates for D∗s0(2317), X(3872), D0(2400) and D1(2430)
were established, while Zc(3900),X(4140) and bound ccdu tetraquarks were not found
(yet). Precision simulations of these channels in the future would be valuable.
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